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Abstract: We survey certain moduli spacesinlow dimensions and some ofthe geometric
structures that they carry, and then construct identifications among all of these spaces. In
particular, we identify the moduli spaces of polygon&hands2, the moduli space of
restricted representations of the fundamental group of a punctured 2-sphere, the moduli
space of flat connections on a punctured sphere, the moduli space of parabolic bundles
on a sphere, the moduli space of weighted point€Bh and the symplectic quotient of

S0 (3) acting diagonally oriS2)". All of these spaces depend on parameters and some
the above identifications require the parameters to be small. One consequence of this
work is that these spaces are all biholomorphic with respect to the most natural complex
structures they can each be given.

1. Introduction

In this paper we shall describe a coincidence that occurs among a number of moduli
spaces of geometric objects in two, three, and infinite dimensions. These spaces arise in
a series of very simple but apparently quite unrelated problems, and themselves carry a
variety of geometric structures. Despite their disparate origins, we shall exhibit explicit
maps identifying all of the spaces and hence show that they each share all of the geometric
structures of their siblings.

Let us here at least name the main spaces which we shall go on to identify and
give a diagram displaying the maps we shall construct among them. For a vestor
(s1, ..., sp) of positive real numbers witE’}zl s; < 1, we shall consider the following
spaces, whose precise definitions and technical details shall be discussed in the following
sections:
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e the spacé’?}R3 of configurations of a polygon with side lengthsn Euclidean 3-

space; and the corresponding moduli spﬁEé/E*@) under the action of the group
of orientation-preserving Euclidean motions;

e the symplectic manifolojSz);' consisting of the product of spheres, where thgh
has the usual symplectic form scaled §y and its reductior(Sz)Q//SO(3) by the
action of SO (3);

o the configuration spackVs* of n points onCP!, semi-stable with respect to the
weightss; and the corresponding geometric invariant theory quoligfit/~;

e V¥ the space of semi-stable rank two parabolic vector bundl€¥dmf degree zero,
parabolic degree zero and having parabolic weights ands; at the j parabolic
point; and the moduli spad&’ /~;

o the space€;’; of semi-stabIeLi s complex structures in a trivial rank two Hermitian

vector bundle over the-punctured sphere which near tji puncture are asymptotic
0i+%E® (_Sé/z s_i(;z)? and the moduli spacg’; /~;

e the setF; ; of flat unitary connections if; 5; and the quotient; s /Gr, s by the group
of special unitaryLiS gauge transformations asymptotic to elements of the maximal
torusT c SU(2) at each puncture;

e the setR; of those representations of the fundamental group ofntipeinctured
sphere intaSU (2) which take the loop around thd puncture to elements 6fU (2)
with trace 2cogrs;); and the corresponding moduli spa®g/SU(2) under the
conjugation action ofU (2);

e the spacé?;fi of configurations of a geodesic polygon with side lengthsin the

spheres?; and the corresponding moduli spaﬁéf/SOM) under the action of the
isometry group of the sphere.

Since there are so many configuration and moduli spaces appearing in this paper, we
have attempted to use a somewhat suggestive notation: each space has as representative
symbol the first letter of a word that describes the objects in question. Hence W use
for polygons )V for weighted pointsy’ for vector bundles for both complex structures
and connectionsF for flat connections an® for representations.

With this notation understood, it now makes sense to say that our main purpose here
is to fill in the arrows in the following diagram:

PS/SO@) —— Ry/SUQ@) «—— Fys/Grs «——— Cy5/~

In fact, the remaining sections of this paper are nothing other than a grand tour of the
above diagram; sections alternate, where appropriate, between describing spaces and
some of their properties and constructing maps between these spaces.

Note that in the above diagramy;*®/~ andV;*/~ are naturally complex spaces
and, as we shall show below, the map connecting them is a biholomorphism with respect
to these structures. It shall thus follow that the above diagram consists of complex
isomorphisms when all of the spaces are endowed with any of the available holomorphic
structures.

We should mention that this is by no means the first paper to discuss these spaces,
their structures or the existence of maps between some of them; our purpose is in fact to



Around Polygons iR3 and s3 317

bring together this material in one place and to fillin a number of the missing connections
between spaces and structures. In particular, Sects. 3—6 describe results of Kapovich and
Millson [12], Sects. 7, 8 and part of Sect. 9 are entirely new to this paper, the rest of
Sect. 9 and Sect. 10 are closely related to the work of Poritz in [16], while Sects. 11
and 12 are based on a special case of Kapovich and Millson’s [11]; work of other authors
on these topics is also mentioned in the references of [12], [11] and [16]. A concluding
Sect. 13 summarizes what we have done, in a more accurate and complete diagram than
the above, and mentions two further, more recent, related works.
The first author would like to thank Aaron Bertram for useful conversations.

2. Configuration Spaces of Polygonsin R3: PR /E+(3)
Letn > 3 be an integer and= (s1, ..., s,) ann-tuple of positive real numbers. Then

Definition 2.1. The configuration space P§3 of polygons in R® with fixed side
lengths s is the set of all n-tuples (eq, ..., e,;) of directed line segments such that
the length of ¢; iss; and the endpoint of ¢; is the beginning point of ¢ 1modx). The

moduli space of polygonsisthen simply PFS JET(3), where E*(3) acts diagonally on
the n-tuples of line segments.

Note that it might actually be more precise to call these “labeled polygons”, since we
are keeping track of which line segmentis first, which is secetedHence two polygons
will be identified by an element € E*(3) if and only if ¢ moves one polygon exactly
onto the other, maintaining the numbering of sides. Of course, for generic choices of
side lengths, the only identification possible between eIement@B? would have to
match corresponding sides.

Let us remark that the vecterof side-lengths of our polygons can be scaled by any
positive real number and it will have an obvious effect on the configuration and moduli
spaces. In fact, it shall be necessary in Sect. 8, below, to assunﬁﬁg@tsj < 1, but
for the time being we need make no such restriction.

There are anumber of equivalent ways to gR}%s the structure of a smooth manifold.
One very direct method goes as follows: each segmgistdefined by a pair of points

(e?egi”, ef.”d) e S;, whereS; = {(p,q) | d(p,q) = s;} C R® x R3. Each of these

S;'s is a smooth manifold — in fact, a trivia® bundle over eitheR? factor — andP®’

can be identified with the set=1((0, ..., 0)), wheref : Sy x --- x S, — (R3)" :

((p1,91)» -+ » (Pu>qn)) = (P2 —q1, ..., p1 — qn). The zero set of will be smooth
if we avoid certain polygons:

Definition 2.2. A polygon is said to be degenerateiif it lies entirely in some linein R3.

The set of non-degenerate polygons shall be denoted 73333.

Now an application of the inverse function theorem wjthshows that73£R3 is a
smooth submanifold o1 x - - - x S,,.

An additional feature of the space of non-degenerate polygons iEth@ acts
freely there, while the degenerate polygons all have stabilizer isomorplHi©t@).
This means thaP®’ /E+(3) is a smooth manifold, while on all &’ /E*(3) we can
at least use the quotient topology. Note, however, that for generic side lengtiese

are no degenerate polygons whatsoevéi’%, while even if there are some in7%}R3,
they form a closedE* (3)-invariant set of high codimension.



318 J. J. Millson, J. A. Poritz

When a compact group acts freely on a manifold it is particularly easy to give the
quotient space a manifold structure. This motivates passing to

Definition 2.3. The set of based polygonsis PX) = {(e1, ..., en) € PR elljegi” =
0 e R3}.
Then PR JET(3) andDRO/SO(S) are homeomorphic, as ar?R JE*(3) and
S’O/SO(B), and this last space is a smooth manifold.

3. TheFirst GaussMap

Let us begin transforming the configuration space of polygoriR3rand its moduli
space. The essential idea here is to build a sort of discrete Gauss map — that is, to assign
to each edge of a polygon the unit vector in that direction. So consider the map

beqi
ee.nd —e ‘egln

— 3
G1:PE = (8" (.. ej,..) > (%)
J
To invert G1, we start with someus, ..., u,) € (52" and build edges by setting
¢5°9" = 0 and then inductively" = ?eg'n+ sju; ande’$q" = €2 This will give us

a well-defined closed polygon iﬁRo as long as the end of the Iast edge is the beginning
of the first, i.e., if

ekl)egin =0= egnd begm—i— Splly = en 1 + spuy,
== g sy = st Syl
Hence if we defings : (52" — R3: (u1, ..., up) — siu1+---+syu,, thenGyis an
S 0 (3)-equivariant homeomorphism @ﬁRO W|th g 1) and consequently alsoinduces

adn‘feomorphlsrTGlof 0/50(3) with g (0)/50(3) whereu (0) G1(PRO)

4. Symplectic Quotients of Products of Spheres: (52" /S0 (3)

Our choice of the letter for the map defined above was not an accident: it is nothing
other than the moment map for the diagonal actiofi@£3) on (52)", where the latter is
given the symplectic structusgr; (vol) + - - - + sy (vol). Here ther; are the various
projections onto the factors, vol is the standard volume form on the sphere (of total
volume 4r) and the targeR? is to be thought of as the dual, via the usual inner product,
of (R3, x) = (s0(3),[ , ]), wherex is the cross-product.

Definition 4.1. We write (52)” for (§2)" with the above symplectic structure, and set
(821 = {(u1, ..., up) € (2" | not allu; = Fu;}.

It now follows that the map51 of the last section is in fact a homeomorphism
of P}?S/SO(S) with the Marsden—Weinstein symplectic reducti(JS’?);’//SO(3) =

—

u;1(0)/50(3). Similarly, u;1(0) = p;1(0) N @; andG1 is a diffeomorphism of
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the smooth manifol@fg/SO(@ with the symplectic manifoltd?z)\g /SO (3). Further-

more, as the smooth symplectic reduction of a Kahler mani@;//SOQ) is itself
Kéhler, [7]. Kapovich and Millson have in fact shown thsf-);l//SO(S) can be given a
C-analytic structure even near its singular stratum, see [12] for details.

5. The First Kempf-Ness-Type Theorem

We can also think of the symplectic manifafd as the complex algebraic variefp?,
and the action 05 0 (3) on 52 extends to the algebraic action of the graR§L (2, C)
of biholomorphisms ofCPL. Certainly then the inclusion$0(3) < PSL(2, C) and
us1(0) = (CPYY" induce a map

Kk1: (SH")SO3) — (CPYHY"/PSL(2,C).

In situations such as the current one, it often turns out that this map is a bijection onto
the quotient of a non-empty Zariski open in the target; this is the original theorem of
Kempf and Ness [13], much elaborated by Kirwan, [14]. In fact, Kirwan’s result applies
to our spaces, but we shall instead give the proof of [12] which can be interpreted in our
present context much more directly and concretely.

For this itis instructive to think of the points sz)g' as giving purely atomic measures
on the sphere, wheK@y, ..., u,) € (52)’; corresponds to the meaSlEé}:1 5j6u; - We
have the standard ' '

Definition 5.1. For any measure v on S2, the center of mass of v is
B(v) = / xdv(x),
52

wherex € §2 < RS and theintegral is of this vector-valued function.

Note B(v) is always in the closed unit bali(0, v(52)) ¢ R2and only om B(0, v(52))
if v is concentrated at a point. There is another center of iass whose definition is
in the work [6] of Douady and Earle, which is called ttenformal center of mass and
satisfies:

e C(gsv) = g(C(v))foranyg € PSL(2,C), and
e C(v) =0ifandonlyif B(v) =0,

but which is only defined for stable measuresvhere

Definition 5.2. A measure v on $2 is said to be stable (respectively, semi-stable) if the
mass of any atom s less than (respectively, less than or equal to) %U(SZ).

This is exactly the tool we need. The measures corresponding ) are stable
and have center of mass at 0. If an elemert PSL (2, C) leaves the center of mass of a
stable measure at 0, then it also fixes the conformal center of mass at 0 and hence must lie
in the stabilizeS O (3) of 0 in PSL(2, C). Conversely, by the transitivity a? SL(2, C)
on B(0, 1), any stable purely atomic measure can be moved until its conformal center of
mass, hence also its normal center of mass, is at 0.Has bijection of($2)" /SO (3)
with the part of(CPY)"/ PSL(2, C) corresponding to orbits of stable measures.
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6. Weighted Quotients of Pointson CP: WSS /~

It turns out that this image of; is exactly the stable part of the weighted quotient
by PSL(2, C) of the configuration space af points onCP* studied by Deligne and
Mostow in [4]. One can motivate this construction as follows: Let us for a moment
write Wy C (CPY)" for the set ofi-tuples of distinct points i€ P1. ThenWy is a quasi-
projectiveC-algebraic variety and is closed under the free, diagonal actiB§ &f(2, C);
the quotienty/PSL(2,C) is a smooth quasi-projective variety. The complication
comes when we try to complei#y by putting back in some of the SL(2, C)-orbits
in (CPYH" . W) before taking the quotient.

Deligne and Mostow [4] give a geometric invariant theory approach to this problem,
depending on a choice of a vectoof positive real numbers. Using the terminology we
have developed above, we can restate their definitions as follows:

Definition 6.1. Let the subsets W5 and Wi* of stable and semi-stableweighted points
in (CPYH" be those points (u1, ..., u,) € W = (CPY)" such that the corresponding
measure Y 't_; s;8,; isstable and semi-stable, respectively; alsowrite W' = Ws*
W

There is the usual geometric invariant theory equivalence relation W;* which
on W is the relation given by the SL(2, C)-orbits and onW; " is extended orbit
equivalence, i.e., two points are equivalent if and only if their orbit closures intersect.
ThenWy /~ = W3 /PSL(2, C) can be given the structure of a smooth, quasi-projective
C-algebraic variety aniV;* /~ that of a projective variety, if all of the; are rational,
these are simply the geometric invariant theory quotients a la Mumford.

One pleasant feature of the geometric invariant theory in this application is the exis-
tence of some particularly useful semi-stable points:

Definition 6.2. The nice semi-stable points Wi** ¢ W;* arethose whose PSL(2, C)-
orbitisclosed in Wi*.

Considering the action oPSL(2, C) on CP!, we see that the points oV N
Wi P correspond to measures with exactly two atoms, each having half the total mass.
What makes these so nice is the fact that inclusion induces a bijel{pri~ =

Wiss /PSL(2, C). Underirt, Vs n We'H/PSL(2, C) corresponds exactly to
(Sz)g’//SO(B) N ($H1)S0(), i.e., to Gy of the degenerate polygons. Thusis a
homeomorphism quz)’s’//SO (3) with the projectiveC-algebraic varietyVs* /~ which
identifies the corresponding smooth and singular parts. It is in fact easy to check that

K1 ]@/30(3) is smooth, while in [12] it is also shown that théiranalytic structure

near the singular set is mapped analyticallybto the complex structure nelv; '>F/~.

7. The Passage to Vector Bundles

Fix now a trivial holomorphic vector bundIg of rank two overCP! (not the sam&P*

as in previous sections) amdt- 1 pointsps, . . ., pu, ¢ € CPL. SinceE is trivial there

is a canonical identification of each of the fibéi‘#p, with the fiber E |q overg and
J

choosing an isomorphisf@i? = E |q, we will thus have an identification of the points
of CP! (the CP? of previous sections, this time) with the set of Iinesﬁlhq, and hence



Around Polygons iR3 and s3 321

with the set of lines in eacﬁ} . We shall writeve~ £ if this identification matches a

v € CP? with the line£ ¢ E|

With the above choices and identifications in place and still usingrengctors of
real numbers, we can define for evéry, . .., v,) € (CP)" some additional structure
on E as follows. For eaclp;, we define a filtrationg ]p,: E/1 ) Ej2 D 0, where

; .

vj«vijz. is the only interesting filtration step; we also attacngothe number-s; and

to Ej2 the numbes; and call these theveights of these steps of the filtration.

Suppose we now consider a holomorphic automorplisiE of trivial determinant.
SinceE is trivial over a compact basg,is constant with respect to any holomorphic
trivialization. Lettingh € SL(2, C) bethe matrix og |q with respectto our identification

C2 = E |q, we see that the action gf on E takes the filtrations=% coming from

(v1, ..., vp) € (CPYH" tothose coming fronivs, . . ., hv,). Thus our map froniCPL)”
to trivial vector bundles with filtration and weight data sends orbits uidat (2, C) to
orbits under the group of holomorphic automorphismg afhich are trivial on dek.

Let us check what sort of data arisesBrvhen we start with a point iV or Wi*.

So note that the mass of an atom at some poiatCP?! of the measure corresponding
toa(vy,...,v,) € (CPYH" is

Z §j = Z §j = Z Si, (7.1)

i V=U; . 2 . Vi _ 2
Jlv=v; JlvewE? JILYp;=E3

whereL" is the unique line subbundle &f with LY |q= v that is constant with respect

to a holomorphic trivialization of, i.e., the line subbundle of degree zero whose fiber
atq isv. Itis then appropriate to make the

Definition 7.1. Given abundle E with filtration and weight data as above we set for any
line subbundle L of E the mass of L to be the number

> s

jILp,=E%

We can now say that the filtration and weight datafbthat results from a point ofV;
(respectively)Vs®) is that data such that for all holomorphic line subbundles E of

degree zero the mass bfis less than (respectively, less than or equa%t@?zl s;.

8. Moduli of Parabolic Vector Bundles: V5* /~

The decorated vector bundles that appeared in the last section have been studied before

Definition 8.1. Let F' be a holomor phic vector bundle over a compact Riemann surface
3 withr distinguished points p1, . .., p, € X.Aparabolicstructureon F isthechoice
for each j of

=

e adecreasing flag F|p_= F12..-2 Ffj ) Ffﬁl = 0in thefiber over p;; and
J . .
e anincreasing sequenceq; < --- < a,ﬁj of real numbers, called weights, onefor each
step of thefiltration at p .
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Theweight o] issaid to occur with multiplicity m] = dim F*/F{** and the par abolic
degree and parabolic slope of (F, ) are

n kj
par-degF. a) = degF + Y Y mja]
j=1¢=1
and
par-degF, «)
F =
Hpar( , Q) rank F

An isomor phism of parabolic vector bundlesis an isomorphism of holomor phic bun-
dles which takes one parabolic structure exactly to another.

This definition was first given by Mehta and Seshadri in [15], but with the additional
requirement that all of the weights lie[i@, 1); the version here follows the constructions
in [16], but it is easy to see how to generalize essentially all known results on parabolic
vector bundlesmutatis mutandis, to this slightly larger context.

Given a holomorphic subbundl@ of a parabolic vector bundleF, «), there is a
natural way to induce a parabolic structure@nFor each poinp;, we let the filtration
ofG | be the intersection a | with the filtration of # | , with repetitions removed,

and at thelith filtration step we aSS|gn the we|ghj = ag,, wheree/ is the largest index

such thath C F‘ By convention, when we speak of a parabolic subbundle, it shall
be assumed to have arisen in this way.

There is a good geometric invariant theory moduli space for vector bundles with
parabolic structure, and it relies on the following

Definition 8.2. A parabolic vector bundle (F, «) is stable (respectively, semi-stable)

if upa(G, B) < wpar(F, o) (respectively, ppar(G, B) < ppar(F,a)) for all proper
parabolic subbundles (G, 8) of (F, «).

We can now concentrate on the sets of vector bundles which are relevant to our present
study. So fixz points p1, ..., p, on & = CP! and our usual vectar of positive real
numbers.

Definition 8.3. Denote by Vs the set of parabolic vector bundles of rank two, trivial
determinant and such that at each p; thefiltration has two steps with weights —s; and
s;. Write also V; and V;* for the stable and semi-stable parts of Vg, respectively, and
Vs 'Pfor V35 < V3. We adopt the convention that isomor phisms of elements of Vs must
have trivial determinant and denote the resulting equivalence relation “ Isa®” .

Note that the trivial determinants and weights of opposite signs mean that the normal and
parabolic degrees of bundlesipare both zero. Also, our notatiaif“*Pis non-standard;
these are usually callqutoperly semi-stable bundles.
Let us look at the parabolic degrees of line subbundles of elemems &b sayL
is a proper holomorphic subbundle of the vector bundlat some point os. Then
the induced filtration orL \ has only one step, but the weight assigned to that step
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depends on the relation &f| | to F7:itiss; if L|, = F7 and—s; otherwise. Hence
J J

par-deg. = degL + doosi— D

iV, =F2 the rest
TV Hp;=Fj (8.1)
n
=degL + 2 Z Sj—ZSj.
Jl1Lp;=F? j=1

It follows that if F € V§* andL is any proper holomorphic subbundle, then

degL =par-degl + > s;—2 Y s, <> s
j=1

= . _ 2
j=1 jlLy=F

Hence if the vectos is chosen so that this last sum is less than 1 then the degiee of
being an integer, will have to be non-positive, andFswill in fact be semi-stable as
a plain holomorphic bundle. Since all holomorphic bundles @&t of rank two and
degree zero are of the for@ (k) & O(—k), such a parabolic-semi-stable must be
holomorphically trivial. We shall thus assume for the remainder of this paper that

Y osi<l (8.2)
j=1

The gist of the last section was to define maps which we may call
£:(CPYHY" > Y, and & : (CPYHY"/PSL(2,C) — Vy/ s .

If we restricte toW? (respectively, tdVs), then we get elements bf whose underlying
holomorphic bundle is trivial and has the property that every holomorphic line subbundle
of degree zero has mass less than (respectively, less than or eqé . sj. But
by (8.1) this means that every such line subbundle has parabolic degree less than zero
(respectively, less than or equal to zero). Also by (8.1) and (8.2), any holomorphic line
subbundle of negative degree has negative parabolic degree. Since all line subbundles of
the trivial bundle are of non-positive degree, it follows thatys) c VS andg (W:*) C
Vss,

' Furthermore, it is clear from the role of the flag varieties in the constructions of
[15, §4] that the points iVs/ Isa® depend holomorphically upon the filtration data at
p1, ..., pn (We shall also reprove this fact much more directly in the next section). This
means that is in fact a biholomorphism ofV; /P SL(2, C) with V5 / IscP.

In order to extend to be a map of the semi-stable moduli space, let us again take
advantage of the nice semi-stable points. So given a pomt;bf with corresponding
parabolic vector bundlé’ € Vg, note that the two atoms which each have half of the
total mass correspond to distinct trivial line subbundlgsnd L, which by (8.1) both
have parabolic degree zero, and in fAct L1 & L, as parabolic bundles. Recall the

Definition 8.4. A parabolic vector bundle which is the direct sum of stable parabolic
subbundles all of the same parabolic slope is called polystable. Write V/* for the set
of polystable bundlesin V.
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Of courseVs c VI  Vi¥, but the general semi-stable bundle is an extension of a
line bundle of parabolic degree zero by another such, rather than merely the direct sum
of two such line bundles.

However, the equivalence relation used in the algebro-geometric construction of the
moduli space of semi-stable parabolic bundles is exactly the isomorphism of associated
graded bundles (associated to the Harder-Narasimhan filtration of a holomorphic bundle
by successive maximally destabilizing subbundles; see [1]). Hence every semi-stable
bundle is equivalent to one which is polystable and we can eXe¢ad bijection

WSCUSp/’\’ o~ (WSHSS N WEUSP)/PSL(Z, ©)
S 0P NV Is = Vi~

and a homeomorphisin: Wi/~ — Vi /~.

9. A Reinterpretation in Infinite Dimensions: Vg / 1so? = Cs,‘s/gf 5

In our presentation here, the issue of what exactly are the poiMsafits quotients is
somewhat elusive: let us now make these points more concrete. But rather than approach-
ing the intricacies of the algebraic geometry of these spaces, we choose to represent them
as infinite-dimensional affine spaces and the resulting quotients by infinite-dimensional
Lie groups. This is quite standard, since the work of Atiyah and Bott [1] and before, so
our main work here will be in incorporating the parabolic structures of our bundles.

First, since all holomorphic vector bundles of degree zero are isomorphic as smooth
bundles, we shall work always in our trivial bundie= C? x CP?.

Definition 9.1. A complex structure on E is an operator y : Q%E) — QOV(E)
satisfying the a-Leibniz rule and inducing the standard 9 on the line bundle detE.
Equivalently, fixing the standard constant Hermitian structureon E, a (special) unitary
connection isan operator dy : Q°(E) — QL(E) satisfying the usual Leibniz rule and
also preserving the metric and inducing the standard d on detE. In either case, the
space of such operators shall be denoted C, and the subset of complex structures for
which the resulting holomorphic bundle is stable shall be denoted C*.

We get from one kind of operator to the other by the miaps: 9 + A — d+A — A*
andd = d+ A0+ A%t 1 §+ A0 while usually the space of holomorphic bundles
is an affine space, out is trivial and thus we have a natural basep@niherefore
C={0+n|nesl20O® SZ(OI@,?} is essentially a complex vector space.

Next, we must consider when two complex structures are equivalent.

Definition 9.2. Two operators 34, d3 € C are said to give isomorphic holomorphic
bundles if and only if 3 = g*(84) = g~ 1 0 94 o g for some g in the complex gauge
group G of smooth sections of thebundle SAUtE = SL(2, C) x CPP! of automor phisms
of E with trivial determinant. The subgroup G ¢ G© of automorphisms which preserve
the metric is called the (special) unitary gauge group.

C* isinfact an openg C-invariant subset af, so the moduli space of stable bundles is
nothing other thad* /G©, which inherits a complex structure as the quotient of a complex
space acted upon holomorphically by a complex group. Note that when working with
unitary connections, the natural group to acfislements ofj will act by pull-back
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on connections, while the pull-back of a connection by an eleme@itahay not any
more be unitary.

Let us now begin to introduce our parabolic structures. As in the last section, we will
work with the vectos of positive real numbers, themarked point§ps, . . ., p,} ¢ CP?
and the parabolic structures at each pginwvith weights—s; ands;. What may vary in
these bundles — other than the underlying holomorphic structure —is therefore the middle
step in the flag at eacp;, a choice of a line in the fiber over;. Thus the parabolic
bundles of this type are encoded preciselytby (CPY)", and ag € G€ acts here in
the usual way on thé factor and on thg™" CP! by ¢ ]pje SL(2,C). In other words,

C x (CPY)" is nothing other thaivy and the mag is simply inclusion onto théCP?)”
factor, which is certainly holomorphic, as claimed in the last section.

To do gauge theory in these spaces of bundles, as we shall in a moment, it is easier
to work with a space of complex structures or connections alone, rather than also to
carry along theCP1)". But SL(2, C) acts transitively orCPP! and is connected, so
there are elements 6f° which take any point of x (CP1)” to one with all of theCP!
components equal to some standard basepoint. The stabilizerifisuch bundles with
standardized intermediate flag step aysgllis described by the

Definition 9.3. The subgroup G& = {g € G« | g|p_€ P Vj} c GC, where P isthe
J

standard parabolic subgroup of SL(2, C), is the asymptotically parabolic complex
gauge group.

We find that(C x CP?) /G€ = €/GS, whereC can now be understood to be the
space of parabolic bundles endowed with the same, standard filtration and weights
ands; at each marked point;.

We make one last simplification before introducing the actual spaces of connections
and complex structures that we shall need. For this, observe that the existence of local
holomorphic frames in holomorphic vector bundles amounts to saying that every com-
plex structure can be gauged trivial in one or even several disjoint disks. In fact, as a
constant local complex gauge transformation sends local holomorphic frames to local
holomorphic frames, we can even achieve the local trivializatiordgfaC by ag g;.?

(or, for that matter, by g which is the identity at each;). It thus is appropriate to make
the

Definition 9.4. Let C.. be the subset of C of elements which equal 3 in a neighborhood
of each p; and G5 be the subgroup of G5 of automor phisms which are 3-holomor phic
in some neighborhood of the set {p1, ..., pa}-

(The subscripté” in C. is intended to remind the reader that it consists of operators
da for which 8, — 8 is compactly supported i€P* \ {p1, ..., p,}.) ThenC/GS =
Ce/Gp -

It is still necessary to think of,. as a space of parabolic bundles by imposing the
weights+s; and standard filtration in the fiber at eagh In order to incorporate this
external data directly into the complex structures, we imagine removing the marked
points from the bas€P? entirely, and introducing a singularity into the elements of
Adirectwayto dothisistoactonthe elementgpby a fixed (very singular, non-unitary)

r
gauge transformatiopgs which near each marked poipt; looks like | . rsj/2>7

wherer; = |z;| for z; a holomorphic coordinate nea. We shall in particular denote
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by dx the image ob under the action o, and note that near each pojpnt

= —s;j/2 0
BX=8+Z®< (J) Sj/2>. (9.1)

Note thatif{e1, e,} is the standard — constant, and tltisolomorphic —basis of sections
coming from the trivialization of, then{rsi/2eq1, r—*i/%e5} is a localdx-holomorphic
frame nearp ;. We can now make the

Definition 9.5. Let Cs . be the space of holomorphic structures on the trivial bundle E
of rank 2 over CP! {p1, ..., pa}inducing the standard 9 ondetE and which on some
sufficiently small disk around each p; equal dy . Likewise, let g;‘i . bethegroup of smooth
automorphisms g of E with trivial determinant and for which g, gg, ~1 can be extended

by an element of A = {(O ,1) la e C~{0}} C SL(2,C) at p; to be holomorphicin
aneighborhood of p;. Finally, let Gr, . be the subgroup of unitary elements G¢ A

As our choice ofgs is entirely non-canonical — we made no restrictions whatsoever
upon its values far away from the marked points — the basefpiatsomewhat arbitrary
and it is appropriate to think @ . as merely an affine space.

Since we have punctured the b&&e!, the appropriate Sobolev metric to work with
becomes a much more subtle issue. Infact, itis necessary to use Sobolev spaces weighted
near eaclp; by a powerr/?‘S of the local radial coordinate, whede> 0 must be chosen
smaller than both mins; and min; (1 —s;); see [16] for an extensive discussion of
these analytic issues. Completing with respect to these norms gives complex structures
and gauge transformations which differ from the models in Definition 9.5 by terms which
decay rapidly as one approaches each pajot

Definition 9.6. We shall denote by C; s the completion of C; . in the §-weighted Sobolev
LZ normand by G ; and Gr, 5 the completions of G§ _ and Gr, . with respect tothe L.3
norm.

A first application of analysis in these weighted Sobolev spaces shows that every
gA s-orbit in Cy s contains elements that look like (9.1) near eagh see [16]. This
is a sort of Newlander—Nirenberg theorem, which is normally trivial over a manifold
of complex dimension one, but here is rendered difficult again by the singularities. It
provides an important step in proving the

Proposition 9.1. There exists an identification C./Gf . = Cs.5/G5 5-

Proof. Conjugation byg, gives a well-defined map : Cc — Cs,c <= C;,s; certainly
Iy € Cs.c. If 94, Op e C. are equivalent by somg € g,, o thena (84) anda () will
be equivalent by, ~1gg;. Say(c d) is the matrix of holomorphic functions defining
g nearp;, with thereforec(p;) = 0 anda(p;) = d(p;)~L. Theng;~1gg, will look

like (Cr‘isj b’;j) nearp;. But br’/ decays at least like’/ towardsp; andcr™/ at

least liker1=5, both of which are in the weighted Sobolev closure we are using, so
-1 C
8s 88 €Yy s
Hences induces a well-defined map : C /gp . — Cs, g/gA s- The singular
Newlander-Nirenberg theorem mentioned above tells usdhaisurjecnve so it only
remains to show that it is injective. So say thab,) anda (dz) are equivalent by some
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element: € GY ;. Concentrating near ong, leth = (0 _1) + h’/, whereh/ de-

cays towardy; at least liker?, a is holomorphic neap; anda(p;) # 0. But then

(‘5 agl ) + gsh' gy~ takesd, to dg, and thus must be holomorphic in a punctured neigh-
Uhjy b

h}, must be have a zero at; while 1], andh}, must be of the formbr*/ andcr =,

respectively, fob andc holomorphic functions on a neighborhoodgf. However ifi/
is to decay ap; thenc(p;) must equal zero whilé(c;) can be any complex number —

in other wordsgshgs 1 € g<,§ . and we are done.o

—si. ] ) )
borhood ofp;. If ( n o J-hlz) is to be holomorphic and’ is to decay, then?, and

10. The Second Kempf—Ness-Type Theorem

We now have the complex gro@{f s acting on the complex affine spacgs preserving

its complex structuregA 5 1s the complexification of the grougy, 5, which will have
to be the analogue in this infinite-dimensional situation of the compact group acting
symplectically. It does indeed preserve the constant symplectic form

a)(u,v):[ uAU,
cp!

whereu andv are tangent vectors ti s and the operation A v takes the normal wedge
of the form parts and the Killing form on the Lie algebra parts. In fact, Atiyah and Bott
define and study this symplectic form in [1] — for higher genus and without parabolic
structures, but an identical argument shows that the moment map for the acfign of
is nothing other than the map which assigns to a connecfiors @¢urvatureFy.

Hence one would now hope — if the appropriate infinite-dimensional Kempf—Ness
theorem could be proven — that the quoti€it/GS ; could be identified with the

symplectic quotient; ; /Gr, s = ]—'”[;/gr s, whereZ; s is the subset of flat connections

(the zero set of the current moment mapjdn while ]-"” denotesthe flatand irreducible
connections. This was indeed done from this perspecuve for bundles without parabolic
structure by Donaldson in [5] and by several authors for parabolic bundles, after the
initial, purely algebro-geometric proof of Mehta and Seshadri in [15]. None of these
proofs applies directly to our present situation, requiring either all of the parabolic
weights to lie in[0, 1), there to be only one parabolic point, the base Riemann sufface
to have genus two or greater, or several of these conditions. (But note that an analogue
of the Mehta—Seshadri theorem which would suffice for our purposes is proven in the
preprint [2].) Let us instead sketch a proof which applies here, based on [16] and quoting
some facts that are now known about the topology of the space of parabolic bundles.
Firstof all, the topology 0P} / Isd” has been extensively studied, and in particular itis
known to be connected, see [8, 3] or [9]. Bij/ Ise® = c‘;’a/ggs andgg(3 is connected
(sincem2(SL(2, C)) is trivial), so it follows that the sed?;‘,lS of stable connections is

connected. Now an implicit function theorem argument showsgﬁgt .7-'i” is open
in Cg 5 and a version of Uhlenbeck compactness in our weighted spaces shows that it is
also closed. (See [16] for the analytic details.) Thus every stable connection is complex
gauge-equivalent to a (unitary gauge orbit of a) flat connection; we will wsifer the
resulting diffeomorphism of; 5/QA s With }"”B/QT s. In fact, [16] also shows that
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can be extended to a homeomorphisgm Vi*/~ — F;5/Gr,s, just as at the end of
Sect. 8.

11. Representations of the Fundamental Group

It is by now a classic result of modern differential geometry that the moduli space
of flat connections on some manifold can be identified with the moduli space of
representations of1(M), by associating to a flat connection ds holonomy rep-
resentatiorhol(dy). In our case, the image dfol will not be all representations of
71(CPY ~ {p1, ..., pa}) since we are not working with all flat connections but only
those which are inF; 5. These are all connections which differ from the model (the
unitary connection corresponding to the basep&int Cs s) by terms which decay fast
enough towards the puncture that their holonomy along a small loop aroung gaih
—TLS;

be the same as the local model, i.e., conjugatéetoo ’ e,gsj); see [16] for details.

Let us give these representations a hame.

Definition 11.1. With s fixed as usual, the restricted representation variety R, of
CPY {p1, ..., pn} consists of those homomorphisms from 1 (CPL < {p1, ..., p,})
to SU (2) which take a small loop around each p; to elements of trace 2 cogrs;); Ry
admits an action of SU(2) by post-conjugation and the quotient R, /SU (2) shall be
called the moduli space of restricted representations. We shall also denote by R} the
subset of irreducible elementsin R;.

With this understood, we can say that the holonomy representatibmduces a
map hot Fs 5/Gr.s — Rs/SU(2) which, itis easy to see, is smooth on the smooth part
F5/G1s-

In order to show that hol is a bijection, we should construct a flat connectian d
Fs.s whose holonomy representation is an arbitrary figed R,. The usual approach

to this is to writeCP! \ {p1, ..., p,} = H%/T, wherex(CPL < {p1,..., pa})) —

I' ¢ PSL(2,R) and to consider the connection éhduced onH3 x, C? by the
trivial connection or{2 x C2. But if we choose coordinates;, y;} near the cusp
corresponding to the parabolic element € T of a fundamental domain for thie-
action on’H,H%{ which look like an infinite vertical strip in the upper half-plane of width
2r, as is often done, then,dxactly equals

_1(—is;j/2 0
dAjZd—dx]‘@Cj( OJ iSj/Z)Cj

on a neighborhood of that cusp, wherey;) = C;* (e :)”’ e”("]ff ) Cj.lfg:H3/T —
SU(2) equalsC; near thej™ cusp, therg (d,) is the required flat connection if ;.

It shall be convenient in just a moment to halkg in another form. Taking the
obvious presentation of the fundamental group of a punctured sphere, we can think of a
restricted representation as nothing other than a choigetgments ofSU (2), the j1
from the conjugacy class of trace 2 ¢@s;), such that the product of these elements is
the identity, i.e.:

Rs={(81,--,81) € (SU2)" | g1---gn = Id and

] (11.1)
Trg; = 2cogns;) \7’]}.
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Furthermore, the reducible representati@Gtis~ Ris” are those which are simultane-
ously diagonalizable, so in our present formulatiorffthey correspond ta-tuples
(g1, ..., gn) suchthatall

_ —misj
g =X 1(6 0 )X (11.2)

with the sameX for all ;.

12. Returning to Polygons: A Second Gauss Map and Polygonsin §3

The conjugacy classes appearing in (11.1) are simply spheres centered at the identity
of radiuszs; in the spherical metric 08U (2) = 3. Since}_ys; < 1 and the

s; are all positive, it follows that eacly < 1, and hence there is a unique directed
geodesic; from the identity ofSU (2) to any of theg; as in (11.1). Thug; = he; is

the unique directed geodesic segment fioto ¢ ; and asg; runs over all elements of

trace 2 cogrs;), e; exhausts the set of directed geodesic segments startingrat of
lengthz s ;. This motivates us to recall the definitions of Sect. 2, generalized to a slightly
different ambient space:

Definition 12.1. Let s be our usual n-tuple of positive real numbers.

o The configuration space PS° of polygonsin 53 with fixed side lengths s isthe set
of all n-tuples (ey, . . ., e,) of directed geodesic segments such that the length of ¢; is
7s; and the endpoint of ¢; isthe beginning point of e; 1 1(mod ). The moduli space of
polygonsisthen simply 7?7f§ /SO (4) where SO (4) acts diagonally on the n-tuples of
geodesic segments.

o Apolygon issaid to be degener ateif it lies entirely in some great circlein 3. The set
of non-degenerate polygons shall be denoted 7’5;5 3

e The set of based polygonsis7>7f§,O ={(e1,....en) € P | e?eginz Id e SU2) =
$3).
Hence for a(g1, ..., g.) € Rs We can construct an elemef#y, ..., ¢,) € P;Tf 0

by defininggo = Id and then letting; be the unique directed geodesic segment from
go---gj-1togo---g;forl < j < n.Notethatifwe startwith areducible representation
satisfying (11.2), the corresponding polygon will lie entirely on the great circle

_q1fe” 0
EIE

and thus be degenerate. As these constructions are clearly invertible and continuous,
it follows that we have a homeomorphisﬁr{1 C Ry — P,fj which restricts to a

diffeomorphism ofR{" with ﬁfio; we use this notatioli, " since the present map is
something of an inverse to a non-linear generalization of the first Gauss map we defined
in Sect. 3.

Finally, recall that the adjoint group 6 (2) is S O (3). Hence the conjugation action
of SU (2) on the matrices encoding a representation corresponds to the residual action
of the groupS 0 (3) of isometries ofs3 fixing the identity, which is the basepoint of
our based polygons. Thus we can finish our grand tour of moduli spaces by defining

the induced homeomorphis’mjfj/SO(4) = P]f:’O/SO(E.) A4 Rs/SU(2) which, as
usual, restricts to a diffeomorphism ﬁgﬁ/som) with RIM/SU (2).

t €0, 271]}
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13. Conclusion

Let us return to the diagram we had originally intended to fill in, for completeness now
adding the various intermediate spaces and maps we used:

PE R (3) PS2/S04)
PE/SO(3) P52 /S0(3)
Gll Gzl
(521 /S0(3) RIT/SU(2)
Kll holT
WS/PSL(2,C) e /Gr.s
y g
Vi /1sc? C 5195 5
(€ x @PY")' /g° —— C*/05 —— 5/,

Theorem 13.1. Inthe above diagram, all maps are diffeomor phisms and those connect-
ing complex spaces are biholomorphisms. All maps also extend to homeomor phisms on
the corresponding spaces of semi-stable points.

Let us conclude by mentioning two other maps which could be inserted in the above

diagram. The first |sad|ffeomorph|sﬁ;f 0/S03) — PRO/SO(3) defined by M. Sar-
gent in [17], as follows. On the level of configuration spaces of based polygons, he
enlarges thes® by a factork — oo, all the while scaling the polygons by &, getting
in the limit a polygon with the original side lengths but &3. As the resulting map
on configuration spaces is equivariant with respect taSt¢3)-action on both sides,
a diffeomorphism of the moduli spaces results. This construction is admirably direct,
but has the disadvantage that it does not reveal whether any geometric structures are
preserved.

A more sophisticated approach is taken by L. Jeffrey in [10] with a map

(521 /50(3) — R"/SU(2).

For more general compact groups — not j88t(2) — she gives a symplectomorphism
between the quotient of a submanifold of the product of conjugacy classes in the Lie
algebraand the corresponding quotient in the group itself. Her main interest is symplectic
structures, however, and not the complex structures we address here; nor does she use
or address the configuration spaces of weighted points and parabolic bundle techniques
which form the core of Sects. 5-10, above.
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